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1: INTRODUCTION

Considerable attention has been focused on-che issue of money
neutrality in models of money ~nnd growth. This work provides yet another
reason for the standard neutrality result of such models. Endogenizing
the rate of time preference in optimal monetary growth models provides a
rationalization for the non-neutrality result of the descriptive monetary
growth models; the so called "Tobin-effect."

The first models of economic growth did not integrate monetary
factors in the explanation of the growth process. Such models are
usually termed "real” or "non-monetary" models. They are real in the
sense that they concentrate on the real sector and ignore the monetary
sector of the economy. Like all growth models, they are of two types;
"descriptive" and optimal.

Descripiive growth models make ad-hoc assumptions about agent's
savings behavior. Typically they assume that savings are a constant
proportion of disposable income and manage to ignore the monetary sector
by assuming that accumulating wealth does not affect disposable income.
The real growth models of Solow (1956) and Swan (1956) are the first
examples of descriptive growth models. In these single asset models, the
technology or the production function, the savings proportion, and the
growth rate of the population determine the steady state capital-labor
ratio.

Optimal real growth models derive savings behavior from explicit

optimization techniques by maximizing an intertemporal utility fuanction.



In these models, such as Cass (1965), there is only one asset, capital.
Instantaneous utility is derived from coasumption only. The quantity of
money does not affect wealth and thus is absent from the maximization
process. Like the descriptive models, the steady state capital-labor
ratio is determined by the production technology and other parameters of
the model. Such parameters include the discount rate, the rate of pop-
ulation growth and the rate of capital depreciation.

This separation of the real sector from the monetary sector
decomposes the growth process into two subproblems; the determination of
the real variables including the growth rate of the economy, and the
determination of the monetary variables.

Recently, considerable attention has been focused on the issue of
neutrality in models of money and growth. These monetary growth models
are also either descriptive or optimal. The early attempts were the
descriptive models of Tobin (1965) and Sidrauski (1967a). These models,
in common with the descriptive real growth models, make ad-hoc assump-
tions about the agents' savings behavior. Saving is assumed a constant
proportion of disposable income. However, théy incorporate the monetary
sector into the growth process. Money is introduced as an alternative
mean of holding wealth., Thus, agents have two assets in which to hold
their wealth; real capital and money. Therefore, the quantity of money
in the economy influences wealth and disposable income; hence it affects
savings.

The introduction of money in this fashion produced differeat con-

clusions from those of the descriptive growth models. The mere existence



of outside money prevents the economy from attaining the Solow steady
state capital-labor ratio. For any savings ratio, the steady state
capital-labor ratio of the descriptive monetary growth models is less
than that of the Solow model.

Another central result of the Tobin (1965) and Sidrauski (1967a)
type models is the long-run non-neutrality of changes in the growth rate
of money. An increase in the growth rate of nominal balances increases
the long-run (steady state) capital-labor ratio. The intuition for this
is simple; an increase in the growth rate of money increases the expected
rate of inflation, driving down the real rate of return on holding money.
In the face of such a change, individuals, with a constant and exogenous
average propensities to save, should be induced to hold greater stocks of
capital. This long=-run effect came to be known in the literature as the
"Tobin-effect".

These results indicate that "neglecting the existence of alternative
assets to real capital in the neo-classical model of growth, with saving
being a constant proportion of income, is not a proper way of simplifying
the analysis" (Sidrauski, 1967a, p. 796).

The long-run non-neutrality result was quickly seen to depend
crucially on the descriptive or ad~hoc nature of the savings function,
characteristic of a wide-class of "Keynesian" models., Studies which,
instead, based savings behavior on explicit neoclassical intertemporal
optimization, the optimal monetary growth models, resulted in a long-run
neutrality of changes in the growth rate of money. The seminal work in

this area is that of Sidrauski (1967b). The basic features that
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differentiate Sidrauski’s optimal monetary growth model from the descrip=-
tive models are: the optimization aspect, the infinite planning horizon,
the introduction of real money balances in the instantaneous utility
function, and the discounting of future utilities.

The optimization aspect of the model is in line with the idea of
basing macro models on micro foundations. It provides an "explicit
analysis of individuals' saving behavior, viewed as a process of wealth
accumulation. This is in line with Patinkin's (1965) presentation of the
neoclassical theory of money, and with the Classical Fisherian theory of
saving (1930)" (Sidrauski, 1967b, p. 534).

Real money balances are introduced in the utility function as a
proxy for the services derived from holding money. Agents in the economy
hold money for the services it provides, such as lowering transaction
costs. These services at any point in time are a function of the
quantity of money held. Assuming the functional relation to be a propor=-
tional one between the stock of money and its flow benefits, and making
the factor of proportionality equal to unity by a proper choice of units,
real money balances as a stock enter the utility function as flow
services.

The concept of discounting is consistent with the concept of
impatience described by Koopmans (1960), which provides an axiomatic
basis for preferring present to future consumption. The rate of time
preference, or the discount rate, in Sidrauski (1967b) is assumed to be a

positive constant for all points of time.



Beyond these differences, the model deals with the same structural
elements as the descriptive money growth model (Sidrauski, 1967a). As
far as results are concerned, the basic difference is the super-
neutrality character of the optimal model. An increase in the growth
rate of nominal money balances does not affect the real sector of the
economy in the long-run. The steady-state capital-labor ratio is
invariant to changes in the growth rate of money.

In Chapter 2, the equations of Sidrauski (1967b) are derived, the
stability of the model is formally analyzed and the long-run neutrality
of money is proved. The stability and the long-run results are then
illustrated graphically.

Recently, a number of papers with optimal-models have begun to list
cases where non-neutrality holds. The finite~horizon, overlapping-
generations models of Drazen (1976), Calvo's (1979) analysis of money in
the production function, and Brock's (1974) endogenous labor supply are
notable examples.

Another trend in the growth literature emphasizes the effect of
endogenizing the rate of time preference. Uzawa (1968) analyzed an
optimal model of consumption with a variable rate of time preference.
Following the Uzawa paper, a number of studies used his approach of
endogenizing the rate of time preference; the works of Calvo and Findlay
(1978), Findlay (1978), and Obstfeld (198la) and (1981b) in the field of
international trade, and Nairy's (1984) life-cycle consumption are
examples.

Uzawa introduces the variability of the rate of time preference by

constructing it in such a way that at each point in time, t, it depends



not only on the curreat utility level but also on utility levels from the
start of the planning horizon up to time t. Thus, he assumes that the
utility discount factor depends on past utilities as well as present
utilities. To illustrate, let A(t) be the utility discount factor and

let its dependence on past utilities be given by the functional form
t
A(t) = [ 8(u,) ds, a(0) =0

The function §(U) is then the agents' rate of time preference,
assumed to be an increasing function of utility. That is, 6'(Ut) is
positive, implying that if utility at a future date, say t, increases,
then utilities beyond time t, are discounted more. This is so because
the utility discount factor is larger now for all times beyond t.

This assumption is not in contradiction with the axiomatic study of
Koopmans, Diamond and Williamson (1964). Nairy (1984) shows explicitly
the relationship between Uzawa and Koopmans, Diamond, and Williamson
(1964). Uzawa's approach in essence imposes "weak separability" on the
standard additive utility functional.

Two other approaches have been used to endogenize the rate of time
preference. The first uses "recursive" or weakly separable utility func-
tionals as in the paper by Epstein and Hynes (1983). Simply put, weak
separability means that the marginal utilities and the marginal rates of
substitution depend not only on present values of the arguments but also
on their future or past behavior, depending on the formulation used.

Epstein and Hynes (1983) discuss the implications of this approach to a



host of differeat models; the real growth optimal model, a tax incidence
model, monetary growth models and others. Their approach is closely
related to that of Uzawa (1968). In fact, Epstein and Hynes (1983) point
out (page 618) that both approaches are special cases of a general
recursive utility functional.

A third approach is that used by Ryder and Heal (1973). In a real
growth model, they introduce another argument in the instantaneous
utility function. The new variable is a weighted average of past
consumption behavior. This can be thought of as the "customary" or
"expected" level of consumption. The introduction of this variable in
the utility function makes utility dependent on present and past consump-
tion; thus the rate of time preference is made endogenous.

In Chapter 3, Uzawa's approach is used to introduce the variability
of the rate of time preference to the optimal monetary growth model of
Sidrauski (1967b). It is clear from the analysis of Chapter 2 that, in
Sidrauski's model, the constancy of the rate of time preference induces
the superneutrality result. The steady-state capital-labor ratio is
uniquely determined by the rate of time preference, the rate of capital
depreciation, and the growth rate of the population. Since an increase
in the growth rate of nominal money balances does not change the rate of
time preference, money is superneutral in the long-run. Eadogenizing the
rate of time preference by making it to be dependent on consumption and
real money balances, allows a change in the growth rate of money to
affect the rate of time preference, and thus to alter the steady-state

capital~-labor ratio. Therefore, the variability of the rate of time



preference provides a link between the monetary and the real sectors of
the economy.

Chapter 3 presents a derivation of the first-order-conditions for
the new model. The stability of the model is then formally analyzed, and
the long-run non-neutrality of the model is proved.

Uzawa's approach is chosen over the other two approaches for its
relative simplicity and the fact that it maintains the basic structure of
the Sidrauski model. This allows one to focus on the effects of
endogenizing the rate of time preference.

The relative simplicity of this approach stems from the fact that
the standard calculus techniques are still applicable. The other
approaches require more complex mathematical techniques and additional
assumptions on the structure of the model. For the derivation of the
first-order-conditions, variational differentiation (Voltera derivatives)
is required; and solving integral equations is needed for stability
analysis. When using the recursive functionals approach of Epstein and
Hynes (1983), one wonnld come up with two rates of time preference; one
depending on future consumption and the other on future money holdings.
To avoid the added complexity, Epstein and Hynes have to restrict the
analysis along constant paths of consumption and real money balances, in
which case the two rates of time preference are equal (Epstein and Hynes,
1983, p. 625).

The complexity of the approach of Ryder and Heal (1973) is augmented

by the introduction of one or more state variables. In the real growth



model, one state variable was added to the model, In a monetary growth
model, where real money balances are an argument of the utility function,
one might need to introduce two state variables; a weighted average of
past consumption and a weighted average of past holdings of real money
balances. Such additions increase the complexity of the analysis a great
deal. Even in the simple case of a one-asset, real growth model, Ryder
and Heal restrict their analysis along a constant path of consumption
(Ryder and Heal, 1973, p. 5).

Chapter 4 presents a discussion of how comparative dynamics analysis
would be applied to the model of Chapter 3. Also, a summary of Fischer's
(1979) comparative dynamics analysis of an example of the model of
Chapter 2 is presented in the chapter.

Finally, Chapter 5 summarizes the results of Chapters 2 and 3, then
provides intuitive explanations for the results concerning the impact of
an increase in the growth rate of money on the (long-run) steady state
values. Finally, some suggestions for future research are made.

The ;nalytical techniques that will be used include the standard
techniques of solving optimal control problems and local stability
- analysis of differential equations. The first is used in Chapters 2 and
3 to derive the first—order-conditions for the models, while the second

is used to analyze the stability of the models.
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2: OPTIMAL MONETARY GROWTH

WITH A CONSTANT RATE OF TIME PREFERENCE

Sidrauski (1967b) is the first optimal monetary growth model. All
of the work that followed is based on it. However, a detailed derivation
of the equations of the model, and a proof of the required stability
conditions, and of the short-ruan and long-run effects of an increase in
the growth rate of nominal money balances have not been explicitly done.
For our purposes, the most important part of Sidrauski's paper is the
macro-model section. The individual's optimization problem provides the
basis and rationale for the macro model.

A summary of the model, and a derivation of the stability conditions -
for the individual's optimization problem are présented in Section 2.1.
Section 2.2 presents a derivation of the equations of the macro model and
its stability conditions. The macro model is reduced to a three-
differential-equations system in per-capita real money balances (m), the
capital-labor ratio (k) and real per-capita consumption (c). Then the
system is reduced to a two-differential-equations system in ¢ and m.

This is in addition to Sidrauski's reduction of the model to two-
differential-equations in k and the expected rate of inflation w.

The (k, n) system illustrates the importance of the adaptive expec~-
tations hypothesis to the stability of the model. The (c, m) system
shows the long-run super neutrality of money graphically. The derivation
of the (c, k, m) system follows an approach used by Fischer (1979) and

Calvo (1979). This approach provides an alternative way of incorporating
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the first-order-conditions into the macro model. Sidrauski derives
demand functions for ¢ and m from the individual's optimality conditions
and incorporates these into the macro model. Alternatively, Fischer
(1979) and Calvo (1979) use the conditions directly to derive a differ-
ential equation in ¢ and thus reduce the model to three differential
equations. This procedure is justified because the first-order-
conditions hold at each instant of time. As will be seen, this approach
is more straight forward and requires less calculations than Sidrauski's
approach. The only difference between Sidrauski's and Fischer's is that
Fischer assumes perfect foresight while Sidrauski assumes adaptive
expectations. Fischer's approach will be used in Chapter 3.

Finally, Sgction 2.3 presents a proof of the long-run neutrality of
money. This is done using the (c, k, m) and the (c, m) models. The

latter is illustrated graphically.

2.1: Sidrauski's Model and the Individual's
Optimization Problem

Sidrauski (1967b) assumes that all individuals are identical, each
has a utility function measuring his welfare at any point in time, This
utility function U = U (c,, m ) has consumption at time t (c,) and real
money balances (mt) as its arguments. The values of ct'and m, are in
per-capita terms. The utility function is assumed to be strictly

and m_, with continuous first and second derivatives.

concave, in ¢
’ t t

That is, it is assumed that

2
(1) ucc <0, Ui <0and J = uccum -u >0

positive marginal utilities are also assumed; i.e., Uc, Um > 0.
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Another restriction made on the utility function stems from assuming

that both . and m,_ are not inferior goods;

v U
m m
(2) Jy=vu_ -V —"c <0and J, =U_, (—U ) - U, <0

The individual is assumed to maximize intertemporal wealth (W)

where:
-8t
(3) W= e e, m) d

where §, the rate of time preference, is assumed to be a positive
constant.

This optimization problem is constrained by a stock constraint and a
flow constraint. The stock constraint stems from the fact that the stock
of nonhuman wealth at any time is allocated between the only two assets
in the model; capital and money. In per capita terms, the stock

constraint is:

= +
(4) a, =k, +m
where a_ = per capita stock of nonhuman wealth at time t and

k = capital-=labor ratio at time t, a choice variable for the
individual.,

The flow constraint is derived from the assumption that the gross
disposable income Y4 is allocated between consumption and gross real

savings. Per capita gross disposable income is the sum of per capita
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output Yoo and the real value of per capita transfers from the government
(vt), v, is assumed to be financed totally by the creation of money.
Gross real savings (St) is the sum of gross capital accumulation (it) and
gross additions to real money balances (xt).

The above is summarized in the following equations:

(5) yq= ¢ * 8,
(6) Y4 = yt(kt) * v,
(7) Sc =i, +x

where y(kt) is a constant return to scale production function, assumed to
be the same for all (the identical) individuals and the economy as a
whole and it satisfies the regularity conditions; y'(kt) >0, y"(kt) <0
for all k_ and y(0) = 0, y(») =, y'(0) = @ and y'(w) = 0,

Gross capital accumulation (it) is the sum of the net change in the
dk

a —L
t dt

ated capital (ukt), and the amount of capital accumulation needed to

capital=-labor ratio (& at time t, the replacement of the depreci-
provide the new members of society with the same amount of capital
endowment (nkt). Where p is the constant instantaneous rate of capital
depreciation and n is the constant instantaneous rate of growth in the

population. Thus,

(8) i, = &t_ + (u+ dk,
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Similarly,
9) X =m + (nt-i-n)mt

The gross additions to real money balances (x_) are the sum of net
additions (m), the additions needed to keep the expected real values of
the money balances intact ("t mt), and the additions needed to endow new
members of society by the same real money balances as the old members (n
mc); where Te is the expected rate of inflation at time t.

Thus, using (5-9) the flow constraint can be written as

y(kt) tv T otk o+ (u+adk  + m + (nt+n)mt
or
(10)  y(k. ) + v, = (7 +0)m = (uendk, - c =k +m
Differentiating (4) with respect to time and substituting in (10) we
have the following form of the flow constraint:
. .
an  a =y(k) +v, - (v +a)m, = (uendk, - c,
Now the individual's optimization problem is to maximize (3) subject
to (4), (11) and initial conditions. The initial conditions specify the
value of wealth the individual holds at time zero, the start of the

planning horizon.
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2,1,1: Derivation of the first-order-conditions

Instead of using the Calculus of Variations (Euler equations) as
Sidrauski does, the standard optimal control method is used to derive the
first order conditions for the problem. (Dropping the t subscripts.)

Let H = U(c, m) + Aly(k) + v = (u+n)k - (v+n)m - c)

Hv is the so~called present value Hamiltonian. Now, the optimization
problem is to maximize Hv subject to the stock constraint (4).

Form the Lagrangian of the problem:
(12) L=H + q[ a~k=-m]
and derive the first-order-conditions from (12).

The first order conditions for an interior solution are (besides the

constraints (4) and (11)):

9H
&::.._‘L:U - A =0 and thus
9¢ d¢ c

(13) U =2

c

oL oH

e =.SE! -q=0U_ - A(m+n) = q = 0 and thus
(14) U =Afm +n+ %ﬂ =Alm + 0+ r]

where r = q/A is the "implicit interest rate",
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2 oL aav
X=6l-g=6}\-g‘q'-"Gl‘q’l[G'Q/X]

and thus

(15) %"5"1‘

oL _ %8,
2= 5 - 4= Aly'(x) - (wn)] = q = My'=(u+n) - ¢} =0

(16) o y'(k) - (u*a) = r
and

17 lim a(t)k(t)e-st =0

)

Condition (17) is the so-called ttansver;ality condition of the problem.
Thus, for a path to be optimal, it has to satisfy conditions 4, 11, and
(13-17).

To analyze the system, Sidrauski uses equations 13, 14, and 16 to

solve for demand functions for ¢, m, and k. These are functions of a, A

and w:
(18) c = cl(a, A, m)
(190 m=m(a, A, 7)

(20) k= k,(a, A, 7)
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Note that equation (20) is redundant since from the stock constraint
k=a-m.

One approach of analyzing the stability of the problem is to follow
Sidrauski's way of arriving at equations (18-20). This involves looking
at equations (13) and (14) of the first-order-conditions as a separate
subproblem giving rise to "demand" functions for ¢ and m as functions of

A, m, and r:
0
(21) ¢c=c (X, T, r)
0
(22) m=m (A, W, 1)

and thus r is treated as an exogenous variable since it is determined,
outside of equations (13) and (14), by equation (16). Then using the
method of comparative statics on (13) and (14), the partials of co and mo
with respect to A\, n, and r are found. Then equation (16) is used
together with these partials to find the partials of (18)-(20). This
approach is presented in this section below. Another more straight
forward approach is presented in Appendix A.

To find the partials of co and mo, totally differentiate (13) and
(14) to get (holding n constant);

0

(i) v d® + U dn® = dx
[ ] cm

(ii) 1] dco,+ 1] dmo = (g+n+r)dA + Adw + Adr
mc mm
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Findingggcoldh and dmO/dA:

Setting dr = dr = 0 in (i and ii) and writing the resulting system

in matrix form, gives;

U U dco/dk 1
(iii) | ©¢ em =
Umc Umm © lam®/da THntr

T

Solving for (dco/dx, dmoldh) (T: for transpose) we get,

0 -1
de /dA U U 1
(iv) = | ¢ o .
dmO/dA Umc Umm T+a+r

or
dco/dA U -U 1
1 mm cm
(v) = 5
dm®/dA Uccumm - Ucm _Ucm Ucc m+ntr
)]
-2
0 Unm ~ Ycm (n+a+r) Yom = Yem Yc !
U 1] - U U - U
cc mm cm cc mm cm
)]
(since from (13) and (14); m+n+r = 359
c
and
U
.
.. 0 -“cm + Ucc("+n+r) Ucc uc B ucm J2 <0
(vii) dm /dA = 5 a . 8 =

g u =~-1U
cc mm cm
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Findiggggco/dn and dm®/dn:

Setting dA = dr = 0 in (i and ii) and solving for (dcoldn, dmodn)T

we get:
0
dc /dn 1 U -U 0
ces mm cm
(viii) = 5
dm® /dn Uccumm - Ucm -Ucm Ucc A
-U
& dco/dn = £n 5 é 0 as UCm % 0
v v -u
¢c mm ~ cm
and
0 U
dm /dm = £C 7 <0 (since A=U >0)
¢
U U =U
cc mm cm
. ae 0 0 y
Finding dc /dr and dm /dr:
d 0 d 0 T
Setting dA=dn=0 in (i and ii) and solving for (a-g—, %] s, we get

equation (viii) again. Therefore, dcoldr = dco/dﬂ and dmoldr = dmoldn.

To arrive at demand functions (18-20), solve (16) for k as a
function of r, then substitute tﬁat and (22) into the stock constraint
and solve for r as a function of a, A and m:

from (16), y'(k) - (u+n) = r implies
(23) k= ko(r)
and from the stock constraint:

(24) a= ko(t) + mo(k, ", r)
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0 0
. . 1 .
sxnce~%§— < 0, and since from (23) %%—-= ;ﬁrET < 0, equation (24) can be

solved for r as a function of A, m and a, that is

(25) r= r(a, A, n)

From equation (24), find the partials of r with respect to a, A, and

7. First, holding A and © constant and differentiating (24) gives

]
da = 0 (r)dr + %%F-dr and thus
ar _ 1
(26) 5a 0 <0

GRS

similarly,

0
dr _ _ =3m /3A
(27) T 5 amo <0
k (r) + e
and
(28) 2.l _
an o' 8mo
k (r) + 5?—

Now substituting (25) into (21), (22) and (23) gives the demand
functions (18-20). At this point we are able to find the partials of

(18-20) with respect to their arguments.



The partials of ) (equation 18):

(18a) ol.2<d, 2¢0 ae
oA oA or A
dc 0
1 _3¢ , 3r
(18b) da dr  da
(8e) plaodel, 3l ox
om om or om

The partials of m, (equation 19):

om 0
1 _ 3m am_ = 3r
(192)  57=== *ar "3
om 0
1 _38m_ _ 3r
(19b) da ar da
(19 ool omd, or
on om or am
And the partials of k,; (equation 20)
ok
1_,0 . o
(20a) o k (r) N
ok
1 _ .0 or
(200) ==k (r) * 57
ok
1 _.0 or
(20c) ==tk (r) 3
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Now the stage is set to analyze the stability of the individual's

optimization problem.

2.1,2: Stability of the individual's optimization problem

Keeping in mind demand functions 18-20, the model is described by

(15) i = (8-t
and

(11) a=y(k) +v - (uta)k - (74n)m - ¢

The steady state values of A and a are the solution of the equationms
resulting from setting A=0 and a=0. Denote these steady state values by

A* and a*. Therefore, steady state implies

(15a) &8 =r¢
and

(11a) y(k) + v = (u+n)k - (7+n)Jm - c =0
where k, m and ¢ are given by (18-20).

To analyze the stability of the system, linearize equations (15) and
(11) about (A*, a*), This gives

X = (8=r)(A-a%) = ARBZ(h-a%) - ARE (a-a¥)

and since §-r=0 at steady state,
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s ) )
(29) X = As(A-A¥) - AL (a-a*)
and from (11)

. 3k1 akl
a = (y'-(u+n))zz= (A-2*) + (y'=(u+n) )5z~ (a-a¥)

dm, Im, 3¢, 3ey
- ('lt"'n)ﬁ— (A=r%) - (1!"'“);;- (a~a*) - aT(X-K*) <33 (a~a¥)

but
(16) y' - (u+n) ar
Therefore,
. akl aml acl akl aml acl
(30) 2 = [rp= = (wa)gy™ = g A (%) + [rgg - (mwn)gg™ - gl ama®
and in matrix form:
BRL S ) 4 -\
A ATy AR A=A
(31) = | ak am, dc ak am, ac
a e - (w+a) 1.1t 1. (ﬂ+n)—1 -t a-a¥
£} 7\ a da %a da

Call the two-by-two matrix in (31), D and find its determinant and

trace.
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ok om 3¢
R S e T
ok am - 3¢
oar 1 r 1 3 1
* —— e * ——t— @ oo - * g .
+ e da 3 A (“+n) da EYN A Ja EYY
k om d¢ ok
< a[or 2L PR DT TR
A[raxaa-t-(m-n)aa % 33 ...ra =

dm ac
or 1 or
(m+a) 33 3% ~ 32 %)

Using 18a, 18b, 19a, 19b, 20a, and 20b, equation (32) becomes:

(33) |D|=,\*{_rar 0() +(n+n)g—§--g%0-.a—:+g—ra—;£
3O - (re) B QR4 282 3
% (g—‘l Y3
0
= =\*{(n+n) -g-% . g% + a_:.g.;_}
= -A*%i'{(w+n) gro :;0}
since A% = U > 0 and %_r_ < 0, the sign of |D| is the same as that of
() B8+ 555,
Butgm—o=J—za“dﬁ=Jl

EYY J EYN 7
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ac0 (1r+n)J2+J1

0
Therefore, (m+n) g: M venl 3 , and since J>0, the sign of |D |

is that of (m4n)J,+ J,.

The trace of D, tr(D), is

or 3k1 3m1 acl
(34) Cr(D) = -A—a-x- + r-a—a—- - (1[4-“)37 - .a_a...
gr 9% m 3¢
‘Substituting for 3 33 3a and 73 from equations (27),

and (18b); equation (34) becomes,

0
(35) te(D) = -A(M e

k (r]+3%—

but£= <0
o' om
k ()ar
am T2
9 J?

SMOREE

om_ _ _ c¢c
or J
0 AU

9¢ _-__cm
and or J

- (35) becomes

(20b), (19b),

0
0) + rkO'(r)g_: _ (-n-i-n) am_ 3r dc or

da or a
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J AU AU
(36)  ex(0) = (FD)0GE + rym - (w4n)(29) +

P LN}
a J y" J d
Um Um
but from the F.0.C., m + n + r= 5~ and thus (n+n) = § ~ r. Substituting
c c
in (36),
: s, MGg-ou, -u )
r r c
(37) tr(D)=ﬁ XJ—*'W‘ 3 }
Um
3 J2 A(F— Ucc - Ucm) ArU
3,2, . c . ccy
a J y J J
J J ArU
e AT rE AT T}
AU
=9r ., ., 1 cc
3a T {owe J }
but %E <0, v =68 (at steady state) > 0, A = Uc >0, Ucc <0, y" < 0 and
J > 0.

Therefore, the trace is positive. Since the trace is the sum of the
two eigen values (roots) of the matrix, the two roots are either both
positive or of opposite signs. If they are both positive, then the
system is totally unstable (an unstable node). To rule out this
possibility, a condition is imposed on the system to make the roots have

opposite signs. Since the determinant of D is the product of the two
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roots, the condition is such that the determinant is negative.
Therefore, a necessary and sufficient condition for saddle-point
stability of the system is

(38)  (n+n) J, +J, <0

1
Condition (38) is satisfied for any expected rate of inflatiomn that
is smaller in absolute value than n, given that m and ¢ are not both
inferior.
Sidrauski solves equations (15a) and (lla) for A as a function of a,
m and v, and concludes that the demand functions of ¢, m and k (18-20)

become functions of a, ® and v. "That is the new demand functions are:
(39) c=c'(a m, v),
(40)_ m=m'(a, 7, v), and
(41) k =k'(a, n, v)

However, note that A(t) is a function not only of present 7 and v
but also of 7 and v of subsequent future dates. One would expect that
what people expect the prices to be in subsequent periods (not just next
period) to affect decisions made at the present. One way to justify
Sidrauski's approach, is to assume that individual's perceive the

expected rate of inflation to be the same for all future dates. In which
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case n(t) for the individual's problem is not only exogenous but constant

as well. Similarly for v(t).

2.2: Analysis of the Macro Model
The individual's optimization results form the basis or rationmale

for the macro model. In the macro model, Sidrauski makes the following

assumptions:

1) Expectations are adaptive and thus,
(42) @ =b(P/p-1);b>o0.

1I) Equilibrium in the money market is such that the demand for money .
is equal to the total money supply at each moment in time. Thus, given

the total money supply Ms, the equilibrium condition can be written as:

(43) T T T (where N: labor force).

Given the money demand function, the money market equilibrium determines
the price level, P, at each point in time.

III) Each unit of the economy receives exactly the same amount of net
transfers from the government. These net transfers (v) are assumed to be
totally financed by the creation of money. Therefore, the amount of

money that is issued per unit of time is equal to v.
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That is

(44) v=%‘-=9m

where 0 (='§b is the growth rate of nominal money supply, and is assumed
to be given and constant.

1V) In addition to assumptions (I-III), previously made assumptions
still hold. In particular, n(=ﬁ/N), the growth rate of the labor force
and p, the depreciation rate and §, the rate of time preference are

constant.

2.2.1: The macro model in k and «

Since ask+m and v=0m, the demand functions (39-41) can be used to
derive aggregate demand functions for ¢ and m. These aggregate demands

are functions of k, v, and 6. Therefore,

(45) c = c(k, 6, 7)

and

(46) m = m(k, 0, )

are the relevant demand functions for the macro model.
Then Sidrauski uses the fact that any portion of net output that is
not consumed is necessarily used for capital accumulation to come up with

an expression for the rate of change in the capital stock.
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47) k = y(k) - (u+a)k = c(k, 6, w)

To derive a 7 equation as a function of k and w, start by rewriting
the money market equilibrium condition using the money demand function
(46). Then differentiate with respect to time and use the adaptive
expectations hypothesis.

Equilibrium in the money market is such that money demand is equal

to money supply. Therefore,

d ]
M M _
(48) ﬁ=ﬁ=m=m(k. e, Tl)

which by differentiation with respect to time gives (for a given 0)

b =-a_l_4... M :
(49) me (8- 7 n) T T I

from the adaptive expectations assumption (42),

(50)

ro)rae
u

oja.
+
=23

substituting in (49)

T M. M.
(51) me (0 5T n) T

and solving for 5,
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(52) T =

— tn(6-r-n) - 22§

o)8

tam an

where k is given by (47).

Rewriting (52) by factoring out m,

L T TS ~lamg
(53) = ( = o) {(0=-m-n) =~ = 7= k}
m 9T
dm ¢
- —5g (1) - o R 0
Y m 3

Now equations (47) and (53) comprise the reduced model in k and w.
Setting 7=k=0, steady-state values of 7 and k (n*, k*) are the solution

to the resulting system. Therefore, (ﬂ*, k*) are such that

(54) % =20 -n

and

(55) c*(k*, 0, 7%) = y(k¥) = (u+n)k*

To analyze the stability of the system linearize (47) and (53) about
(v, w*),

(56) &k =.[y'(k¥) - (u+n) - 8k*](k k*) - "'(“‘“*)

and
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(1 3m*)
° (] *
(57 = =_§_g_};¢,,_ (y' (k%) - (u+a) - 3E3) (k-k*)
% oo
b m¥* ac¥®
- —1..._-.!’_.-5;';?( * k* (- a:*)) (w-m*)
m* In¥*
and in matrix form, (58)
——y - —
ac¥* dc*
k| |y Ces)=(un) -
=
- (l am*)
. m¥* Jk* dc* -b 1 3m* 3c*
T _—-‘I‘L_a_mi '(k*)‘(ll'l'n) 3k*) 1..2_ m{l‘ -m—*mm)
] e e w* an® _

k=k*

T-n¥k

The determinant of the matrix in (58) is

- gk 1 amk 3%
(59) b ek (y'(k#) = (u*n) - 5&) (1 - 07 5% 50%)
m¥* Jn*

aex (0)(r 3ED)

¢ m

TR 1...9_ am* ( ( *) = (‘”“) = ak*)
m* on%

%*
= ——,,F (y' (k%) = (u+n) - 353
m* an*

and the trace of the matrix is

e b 1 3m* 3c*
60)  (y'(k*) - (wa) - 5F) -~ (1 - Fa‘%?ﬁr&?
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An increase in 7 reduces the real return on holding money and thus
lowering the demand for real money balances. This reduction in demand
creates an excess supply in the market for money causing prices to
increase. The increase in prices raises the expected rate of inflation
(n) which in turn increases prices and so on. Therefore, the steady
state quantity of real money balances is smaller as % increases (%%; <
0]. On the other hand, an increase in the capital stock reduces its
marginal product, reducing the real rate of return on captial relative to
real money balances. This induces an increase in demand for real money

balances. Thus, the steady state quantity of real money balances rises
am*
ok*

(60) and the determinant (59) are ambiguous in sign. A necessary and

with the increase in k ( > 0). Given the above relations, the trace
sufficient condition for stability is that the two roots of the matrix
have negative real parts. This requires the determinant to be positive,
since it is the product of the two roots, and the trace, the sum of the
two roots, to be negative. Thus, from (59) and (60), stability of the
model requires that the rate of capital accumulation be a decreasing

function of capital at steady state;

(61)  y'(k*) = (u+n) - gcT: <o

and that the expectations adjustment coefficient (b) be restricted such

that

1

b om*
1+E; onk

(62) >0
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Since (y'(k*) - (u+n)) is positive at steady state (it is equal to
§), condition (61) requires that c* be an increasing function of k¥,
This makes sense, since an increase in k raises disposable income which
increases consumption.

Note that condition (62) is less likely to hold, the larger the
expectations adjustment coefficient. However, in case (62) is not
satisfied and (61) still holds, the steady state will be a saddle point.
The determinant becomes negative, and thus only one of the roots will

have a negative real part.

2.2.2: The model in ¢, k, and m: Fischer's approach

As an alternative approach to going through the first-order-
conditions and deriving demand functions to be used in the macro model,
Fischer (1979) uses the first-order-conditions directly together with the
macro model assumptions to reduce the model to a three differential
equation system. The only difference from Sidrauski's is that Fischer

assumes perfect foresight. Thus, the expected rate of inflation at each

time is equal to the actual rate of inflation. That is

(63) T = % for all t.

In this section the model is reduced to a system in ¢, k, and m.

The k equation is similar to that of Sidrauski, equation (47) of the
last section. In Fischer's set up, the k equation can actually be
derived from the constraints of the model and the hypothesis of perfect

foresight. This is achieved by solving the stock constraiat for k,
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differentiating with respect to time and then using the flow constraint

to eliminate a.
k= y(k) + v = (n+a)m - (utn)k = ¢ - n
But v in the macro model is given by (44) and thus
(64) k = y(k) + (6-7-n)m - (u+n)k = ¢ - m
and since m = % then
(65) m=(0 ~-B/P - a)n
and using the perfect foresight hyp;thesis, (63):
(66) m=(6-7-n)n
Substituting (66) into (64) gives the final form of the i.equation:
(67) &k = y(k) - (u+n)k - ¢

To make m a function of ¢, k, and m, the first-order-conditions are

used to solve for m and then it is substituted out of equation (66).
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Prom (13) and (14),
(68) -U—m='n+n+r
substituting for r from equation (16) and solving for =,
Um
(69) Teg - y'(k) +u
c
and now substituting in (66) gives the final form of the m equation,

U
(70) m = (o - EE'+ y'(k) = u - a)m
c

The ¢ equation is derived from the first-order-conditions as
follows:

Differentiating equation (13) with respect to time

(71) U e¢+U m=2
(] cm

substituting for A from equation (15), and using (16) and (13),

Qe

(72) v +U _m= U (8=y" +u+n)

cC cm

0e
]

(73) o & =g (U _(8-y'+usn) - U__ @}

ccC
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Therefore, equations (67), (70) and (73) comprise the reduced model
in ¢, k, and m. Setting c=m=k=0 and denoting the solution of the
resulting system by (c*, m*, k*); these steady state values of c, m, and

k are such that

(73a) 6§ -y'(k*) +u +n=0

U
(70a) G-U—m+y'(k*)-u-n=0
c

and

(67a) y(k*) ~ (4 + n)k* - c* =0

For stability analysis, linearize (73), (70) and (67) about (c*, m¥,

k*), taking into account (73a), (70a) and (67a). * The linearized system

is
. 1 2 J1
(74) ¢ =y {-Ucm T w*(c-c*) + Un T m*( m~m*)
ce c c
- y"(k*)(v, + U, m*) (kl¥)}
. T2 7y
(75) m=g m*(c=c*) - T w*(m-m*) + y"(k*) m¥(k-k*)}
c c
and

(76) & = (1) (c=e*) + (0) (m-n¥) + [y*(i¥) = (u + n)](k-1c%)
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and in matrix form we have:

_-_ r—:ucm ) Uen’1 -y"(k* NEN
~= m¥ * .Z_L__l{ e —c*
c v o " T o " g U] | fee
cc ¢ cc ¢ ce
. 72 71
D} m | = | g-o* - § o y" (¥ ) m* m-m*
c c

U J -U J U J
cm 1 -y"{k* cm 2 cm 1
et L L R o™ g™
(-1) ce ¢ ce .5 cc ¢ cc ¢
-Jl J Jl
u— m* y"( k*)m* ﬁ_ m* - u— m*
c c c

2
doy™ "ok
= (-1 Uem :I_l_ w2 Ity - I ey ™
(-1) [g—g ™ U v v
€c ¢€ cC cc ¢

dey"( 1ok
S o
U
cc
This indicates that either one or all three roots have negative real
parts. To determine which is the case here, consider the trace of the

matrix.

The trace is the sum of the diagonal elements and is equal to

J v _J
1 cm 2 a & - 1 cm 2
(78) F T *-u_._ * = § m*(U T )
c cc ce ¢
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using the definitions of J1 and J2 in (78),
-y _uvu/u U (U U/ -U )
trace = § - m¥( mm cm m ¢ _cm cc m ¢ cm
U u U
c cc ¢
U -U U U/u + U _ U U/JU - Uz
= § - m¥( mm _cc cc_cm m ¢ cm cc m ¢ cmy

U Ue J
cc

=§ - m*

>0
cc ¢

Since the trace is the sum of the roots of the system, and is positive
then at least one of the roots is positive. Therefore, only one of the
roots have a negative real part. Thus, the steady-state (c*, m#*, k*) is

a saddle point.

2.2,3: The model in ¢ and m

We now reduce the model of section 2.2.2 to a two-differential-
equations system in ¢ and m. This is done to illustrate the stability of
the system and the long-run effects of an increase in 6 graphically. In

order to reduce the (c, m, k) system to a [c, m) system, set k=0 and
by differentiation find the relation between ¢ and k along k=0.

Setting k=0 gives

(79)  y(k) - (p*n)k = c =0
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and totally differentiating (79) gives

dk _ 1
B0 % g=0 Y (k) = (u+n)

Equation (80) is now used in conjunction with (70) and (73) to
analyze the (c, m) system. Linearizing (70) and (73) about the steady

state (c*, m*) yields:

J
. 1 dk 2 dk
(81) c = -6— {—Ucy"(k)&- - U —— m* - Ucmy"(k)-d—c- m* } (c-c*)

cm U
ce l.c=0 ¢ ]’{:0
1 1
+g— U 5 ¢ (mem¥)
cc c
and
J J ’
(82) m = {U_Z m* + Y"(k):—: m* } (c=c*) - Fl- w*( m-m*)
¢ k=0 c

where all the functions in (81) and (82) are evaluated at the steady

state. From (80), at steady state

k=0
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Using (83), the linearized system becomes;

U y"(k*) U y"(k¥)m* U_J

-=-l cm 2
(84) c =g 3 + 3 * =3
cC c
1 N .
* g Wen g (o)
c¢C [+

and

w*} (c=c*)

J ' J
(85) m = {-ﬁ3 m* + L'[.%i]i“i} (c=c*) - -ﬁl w* (m-m*)
c c

In matrix form,

—-— r--l fUcy"(k*) Ucmy"(k*)m* UchZm*-. Umn"l‘“*-1
[ 1 ]
Ucc S § Uc Ucc Uc
(86)} =
J J
'.n -2— m* + m - —l m*

The determinant of the matrix in (86) is equal to

” "ot o
Uy Ucmy m Uchzm L)

1 m* c 3 cm 2
T U A S S g g
¢ cc ¢ cc ¢ c
Jmty"  J.U T o I A LA
- 1 + 1cm’ - 172 cm 172
uc:c‘s uc uc:c: § U2 U U2 U
c cc c ¢¢
U _y"J m*z J, miy"(k¥)
cm 1 - 1 <0
U U § U _§
cc ¢ ce

and thus the steady state of the system is a saddle point.

c—c¥®

m-m¥*

e cmratand
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To illustrate the saddle point characteristic of the system
graphically, the phase diagram in a (c, nd space is constructed. This
involves drawing the demarcation curves of the system., First setting
¢=m=0 (keeping in mind that k is also set equal to zero) results in the

system whose solution is the steady state values of ¢ and m:

(87) § - y'(k*) +p +n=0

and

U
(88) o _'ﬁg +y'(k*) =y =-n=0
c

Equations (87) and (88) are the demarcation curves of the phase diagram.
The curve of equation (87) will be referred to as the ¢=0 line. However,
}c is actually the ¢=m=k=0 line. Similarly, the curve of (88) will be
referred to.as the m=0 line.

Equation (87) is independent of m, and thus the ¢=0 line is vertical
in the (¢, m) space as shown in Figure 2.1.

On the other hand, differentiating (88) to find the slope of the m=0

line in the (c, m) space gives;

J J
1 2 x"i k) .
i dm + [Uc + U e ] de = 0

and thus,
al L Ua/) + 9 ()/(y'-tue))
d¢|m=0 3,70,

which is, generally, ambiguous in sign. However, since at the steady
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state y'=(u+n)=§ > 0, the m=0 line is upward sloping as it passes the
steady state, S. For simplicity, it is drawn upward sloping throughout

in Figure 2.1.

¢

S

m*

Figure 2.1, Stability of the system

The (+) and (=) signs by the lines in the figure indicate the
directions of motion for ¢ and m. These are derived from equations (70)
and (73). Starting at a point along the m=0 line and increasing m causes

hd . [
m to become positive,

o -J

dm 1
—=2-—mn>0
om Uc

and thus the (+) sign above the m=0 line and the (=) below it.
Similarly, starting at a point along the ¢=0 line and increasing ¢
causes ¢ to become negative, and thus the (~) sign to the right of the

¢=0 line and the (+) to the left of it.
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The directions of motion are shown on the graph by the arrowed right
angles. These clearly indicate saddle point behavior. The optimal path

is shown by the arrowed heavy line.

2.3: The Long-Run Neutrality of Money
The reduced model of Section 2.2.2 is used to prove the long run
neutrality of money. fhis is done by applying the method of comparative
statics on the steady-state of the system, since long-run effects have to
do with effects on steady-state values. The steady-state values of c, m
and k, (c*, m*, k*), are the solution to the system of equations that
results when setting 3?0, m=0, and k=0.

From equation (73), ¢=0 implies:
Un
(89) U, (8-y'+u+n) - Ui (o - i Al (v+n)) m=0
c
from equation (70), m=0 implies:
(90) 8 -2+ y' ~(u+n) =0

and from equation (67), k=0 implies:
(91)  y(k) - (utn)k =c =0

differentiating (89)-(91) with respect to 6 and arranging in matrix form

we get:
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-:bchZ Ucm NER N [
—o ™ g™ (U] | fder/de || U
c C
(92) J2/Uc -Jl/uc y" dm*/de | =} -1
| -1 0 ) ] LdKk¥*/de | | 0

or letting x be the matrix on the left-hand side of (92),

dc*/do Ucmm*
(93) Xxe |dm*/de | =] -1

dk*/d@ 0

The determinant of x, |x|, is equal to y"Jl and thus is positive.

. ' de* dm* dic* .
Using Cramer's rule, one can solve for B a8 and 30 28 follows:
Ucuﬁl
- -y" %
Uen™ U, woty (Uc+ucmm )
- - "
| 1 Jl/“c y
de* _ |0 0 8
i} J1
o em 1
cm U
c
) § |-1 'J1/"c
EX
- % *
s [ JIUcmm . Ucm Jlm ]
i} U
- c c
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-UchZ
u, * o U -y"( U, +Ucmm*)
- "
Jz/Uc 1 y
dm* _ |=1 0 [
(95) 10 =T
-Uchzm* Uc m¥*
o | ) )
Ucmm y (Uc+ucmm Uc
(-1) + 8
- " -
_ 1 y J2/Uc 1
E3
e %
s ( )] szm ) Ucmm Jz)
- " o 11} - " %
) (-1) (Ucmm*y y'U, - y"U_ m ) + U, U,
EX
"
y uc Uc <
“T=T 77 <O
1
and finally,
-UchZ Uchlm*
% %
Uc m Uc Ucdm
leuc -J1/Uc -1
dk* _ |-1 0 0
(96) 36 =]
U J m* U m*
cm 1 cm
U
(-1) ¢ (-1) [-Uchlm* . Ucmm*Jll
-JI/U -1 [} ]
a c = ¢ c =0
EX E3
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Thus, equations (94), (95) and (96) show that an iancrease in 6 will
only alter the steady state value of real money balances; they are’
smaller with the higher 8. The real sector, on the other hand, is not
affected in the long-run by the increase in 6; c* and k* stay the same.
Therefore, money is neutral in the long-run.

From equation (66), the original form of the m equation, n=0 implies
that (6-m~n=0) and thus the steady-state value of the expected rate of
inflation, m*, is equal to the rate of money growth minus the rate of

population growth;
(97) m* = @-n

Therefore, an increase in 6 will, in the long run, increase the
. . dr*
expected rate of inflation by the same amount (?ﬁf' = l).
To illustrate the long run neutrality of money graphically, the
phase diagram of Figure 2.1 is used. The effect of an increase in 6 on
the m=0 and the ¢=0 lines is found from equations (87) and (88). Holding

¢ constant, and differentiating (88) gives:

ﬂ. =_.1—= EF-(O
do {m=0 JI/Uc Jl

This implies that at each level of ¢, real money balances are smaller,
with the higher 9, along the m=0 line. Therefore, the m=0 line shifts
down to the right, as shown in Figure 2.2. From equation (87), it is

clear that the ¢=0 line is independent of 6. Thus, the ¢=0 line stays

the same as 0 rises.
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N
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ck

0

Figure 2.2. The long~run effects of an increase in 0

Therefore, the effect of an increase in 6 is to shift the steady-
state from point S to point S'. The new steady-state value of real money
balances (m*') is smaller, but the steady—~state value of coasumption (and

thus the capital labor ratio) stays the same.
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3: OPTIMAL MONETARY GROWTH

WITH A VARIABLE RATE OF TIME PREFERENCE

In this chapter, the rate of time preference is endogenized using
Uzawa's approach. Section 3.1 introduces the variability of the rate of
time preference to the Sidrauski model and presents a derivation of the
first-order-conditions for the new model. The endogenization of the rate
of time preference makes the problem a two-state-variable one. Thus, the
macro model in this case will be represented by four differential
equations as opposed to the three differential equations model of Chapter
2. Section 3.2 derives the macro model and analyzes its stability. 1In
Section 3.3, the long=-run effects of an increase in 6 are analyzed.
Finally, Section 3.4 comments on a transformation that has been applied
in the literature to similar models. Such a transformation is used to
reduce the dimensionality of the problem to a one-state-variable one.
However, it will be shown that the transformation cannot be applied in
this case, and that it has been wrongly applied to similar control
problems. Also, in this section the conditions under which the trans-
formation will be correct are derived. Thus, applying it to models that
meet these conditions is correct and simplifies the analysis a great

deal.

3.1: Endogenization of the Rate of Time Preference
and the First-Order-Conditions
Following Uzawa (1968), let A(t) be the utility discount factor at

time t, and assume that its functional relation with past utilities is
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given by

(1 At) = G 8(u) dr and A(0) = 0
and therefore

(2) A(t) = §(v)

The function §(U) is assumed to be positive and convex in U. That

is
(3) §(u) > 0, &'(U) > 0 and §"(U) > O.
Now the problem of the agent becomes
@ Max [3u(c,, m) et

Subject to
(5) the stock constraint: a, =k +m
(6) the flow constraint: a_ = y(k ) + v, = (u+n)k, - (nt+n) m - c,
(2) the discount factor constraint: A(t] = G(U(ct, mt]]
and the given initial conditions, a(0) = a, and A(0) = 0.

To find the first-order-conditions, solve (5) for kt' substitute

into (6), and form the Hamiltonian of the problem; (dropping subscripts)
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(7) H = eBu(c, m) + A[y(a=m) + v = (u+n)(a=m) - (7+n)m-c] + v8(U(c, m))

The first-order-conditions are:

ﬁﬂ -A - ! =
3c - © Uc A+ yS Uc 0

thus,
A

(8) U =—
e A+76'

c

Ql'l_g =4 - Ve '
sm e Uy A(y'+m-u) + y8'0_=0

thus,

A
(9 U = —
m eAW8|

(y'+r-u)

and the co=-state equations;

= B - (y'(utn))

bl ]

(10)

and

(11) Y =:-g—2=' e By

and the constraints;

(12) a= %%-= y(a=m) + v - (u+n)(a-m) - (v+n)m - ¢
and
2) & =¥ - 50u(c, n)).

9y
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The conditions can be rewritten in a more convenient way by defining the

present value co-state variables o(t) and ¢(t) as follows:

(13)  o(e) = e®a(x)

and

(14)  o(t) = y(r)

Using equation (2), equation (13) implies,
(15)  &(c) = e® X(t) + ()i =P R+ 60

and similarly, equation (14) implies,

Equations (13)-(16), imply that the optimal solution is a path of ¢,

k, m, 0 and ¢ that satisfies the following conditions;
P -
17 U, Tos
g
(18) Um = ms—, (y'+ﬂ-u)

(19) o = o(§-y'+u+n)

(20) ¢ =6p +U
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(12) a=y(am) +v - (u+)(a-n) - (74n)m - ¢

in addition to the initial conditions and the so-called transversality

conditions;

(21)  lim e-A(t)o(t) a(t) =0
t=d>o

and

(22)  lim e-A(t)cb(t:) a(t) =0

t=D

Note that if § were constant and thus §'=0, then the above
conditions are equivalent to those of the Sidrauski model. Also note
that (17) and (18) yield the same static maximization condition as in the

Sidrauski model;

i)
(23) U—m=y'+1t-u
c

3.2: The Macro Model and Stability
In this section, we maintain the assumptions made in Fischer's model
in Section 2.2.2. The money market is in equilibrium at all t; the
supply of real money balances is equal to the demand for real money
balances. Net government transfer payments (v] are proportional to real
money balances and totally financed by the creation of money. And the
assumption of perfect foresight implying that the expected inflation rate

is equal to the actual inflation rate at each point in time.
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Therefore, the k and m equations are exactly the same as those of

Chapter 2, Section 2.2.2. Namely,

(24) & = y(k) - (u+n)k - ¢

and

u
(25) m=mn(6 - ﬁﬂ +y' = u=n)
c

The other two equations of the system are those of o and ¢. The o
equation is given by (19), and the e equation is derived from the

first-order-conditions as follows:

Differentiating (17) with respect to time,

. o _ o _of$s'+8's)
@) U & Uy d g - S

but

= o(§~y'+u+n)

Qe

(19)

(20) §$=68p+U

(27) 3'=5"W ¢ + & m
c m

and solving (17) for ¢ gives,
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o-U

(28) ¢ =3.—u-°=
[

Substituting in (26),

(29) U c+U_m=U_ (8-y'+u+n)

cC
U: 8(o-u_) o-u, o=, .
el v §'v + 5"(5'uc)“c° * 5"(3"u—c) U ™

Dividing through by Uc and multiplying by o, and grouping terms;

U
(30)  [=+ (—5+)8"u Je = o8-y +u+n)
c
oUcm o-Uc . )
- [ i + () 8" lm - 8(o-u ) - 8'UU,
OUCC o= C
(31) 6= T + (= ) &"U,
°Ucm o-Uc
(32) =x=-] T + () s"u)

Thus, the e equation is given by;

(33) ¢ = é{xm + o(8=y'+u+n) - S(U-Uc) - §'uu }

which by rewriting gives;
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(34) ¢ = é{xﬁ - o(y'-u-n) + §u, - §'0U }

Therefore, the macro model is characterized by the four differential

equations:

i, »
(34) c = E{xm - o(y'-u=n) + U, - G'UUC}

U
(25) m=mn(6 - EE-+ y' = u - n)
c

R'e

(24) = y(k) - (u+n)k - ¢
and

(19) o = o(6~y'+u+a)

3.2.1: The stability of the model

The steady state of the system, (c*, w*, k*, o*), is such that

a=ﬁ=ﬁ=3=0, which implies that at steady state,

(35)  -oy'-u-n) + 8U_-8'VU_ =0

U
(36) g ~==+y' =p=-n=0

U
c
(37) y(x) - (um)k =c=0

and

(38) §-y'+u+n=0
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where all the functions are evaluated at the steady state (c¥*, m¥, k¥,
o*). Note that system (35)=(38) has a unique solution given the
properties of the functions.
To analyze the stability of the system, linearize (34), (25), (24),
and (19) around (c*, m*, k*, o%), taking (35)-(38) into account.
Linearizing (34) gives,
1, X,

. 2
¢ =5l T + UCC(G-G'U) - §"UU_} (c=c*)

=xmJ
1 1
+gl——+ U, (6-6'V) - §"00 U } (m-m*)

+ %ﬁxmy" - oy"} (k-k*)

- £ (0-0%)

U U
where J, = U -U 2<0andJ,=U =-U <0
1 mm cm Uc ‘2 ce Uc cm

For convenience when writing the linearized system in matrix form,
let

(39) 2z, = l{iu—z- +U_ (8=-8'0) - s"uu?)
1 G IJc cc c

(40) 2z, = l[ﬂ +U_ (§~6'U) - s"UU U}
2° G Uc cm cm

and

(41) 24 = %ﬁxmy" - oy"}
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linearizing (25) gives,

. W wly
(42) m == (e=c¥) -~ = (wm*) + my" (k-k¥)
2 c

linearizing (24) gives,
(43) & = - (c=c*) + §(k-k¥*)
and linearizing (19) gives,
(44) = o&'Uc(c-c*) + aG'Um(m-m*) - oy"(k=k¥)

Thus, the linearized system is,

—, — T

c Zl Z2 23 ~ g
nJ -mJ
hd __2 1 "
" U U ny 0
c c
ws) | .| =

k -1 0 § 0
bl ' ' J |

L..o_ L:G Uc od Um oy 0_

where all the elements in the matrix are evaluated at the steady state.

—
c=c*

m-m¥

k=k¥*

o=g*
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The determinant of the matrix in (45) is,

wi, ™, " -mJ nJ -nJ
my 1 2 1
Uc |} T my" - -
¢ s [ c [+
-1 0 § ='§'{1 -6
[ -rrarf? [ ]
o&'Uc o&'Um - od Um oy o Uc 1] Um
mJ,y" omé'U J
§.I™1 m 2
= gl—5— - o8'nl y" - §(—F—— + 08'mJ; )}

c [

Since I J2 and y" < 0 and ¢, §, §', m, Um’ and Uc > 0, the

determinant is of the same sign as the steady state value of G.

Recall that G is defined by (31) as

oUcc o-Uc
(31) 6= T + ()8t

But at steady state, ¢ = ~U/§ and thus,

- o
Uc l-lﬁ'/&iU

which implies that ¢ - Uc < 0, and thus, from (31), G is negative at the

steady state,

Therefore, the determinant is negative, which (in a four by four

system) is necessary and sufficieat for the steady state to be a saddle

point. This is so because the determinant is the product of the four

roots of the system, and thus being negative implies that there is either
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one negative root or three negative roots of the system, implying saddle
point behavior. In Appendix B, it is shown that the system has a unique

negative root.

3.3: The Long-Run Effects of an Increase in 0
The effect of an increase in 6 on the steady state values (c%, m¥,

k*, o*) is determined by applying comparative statics to equations

(35)~(38); €rom (35),

2dc* dm* die*
(35%) [Ucc(s-s'u) - 6“UUC]E§— + [u g (8-6'0) - G“UUcUm}Eg-'- oy" I8
do*
“8a "0

from (36)

J J

U d8 U ae Y 39
[ [

from (37)
' _ de* _ cdk®
37") T sde 0
and from (38)
* * ¥
(38" s'u_ 94 gy S gudkt g

In matrix form,



v_(8-8'0)-8"0U

2

J,/U,
(46)
-1

s'v
c
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u_(8-s'U)-6"UU U
cm cm
-JI/Uc

0

§'u
m

- - dc*
oy ) 30
" dm*

y 0 T
dk*

§ 0 de
- do*

y 0 T)
— I——

where all the functions are evaluated at steady state.

Let the matrix of (46) be F, then the determinant of F is,

3,10,
[Fl=6] -1
§'U
[
=3,/v,
= 6{ 6'“
m

- s - 5w ym - o +6§'3,)1 >0
U n U 1

c

-JI/UC y"
0 §
6 ium _yll
"
y J2/Uc
-yt -8 ]
y § UC
6'J2Um

-Jl/Uc
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dc* dm* dk* dg* .
30 * d6 * o ° do )® Ome sets;

Using Cramer's rule to solve for (

- 111 it PP | -
0 v (8-8'U)-s"0u U -oy 8
- - "
1 J, /0, y 0
0 0 ) 0
(i} §'U_ -y" 0
dec* _
(47) 39 IF |
- - ”
1 Jl/Uc y
8)] o 0 8 0 )
' P | - { aeyylt 2.4
(] 80, v . (8)(-1) | 8 UE‘ i §%'0 -
|F | |F | |F |
u_ (5~5'v)~s"uu? 0 -oy" =8
cC [
- "
J /U, 1 y ]
-1 0 8 0
§'U 0 -y" 0
dm* _
(48) I IF |
- "
J2/Uc 1 y
(§) | -1 0 ) -1 )
- ' B 1} oot
§'U 0 Al (8) | 8'v_ y | . §(y"-868 uc)

<0
¥ | ¥ | I |
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v (6-5'v)-s"ou 2 U (s-8')-s"UU U O -6
cC [« cm cm
I,/0, =3, /v, -1 0
-1 0 0 o0
§'U, §'U_ 0 o
dk*
(49) 30 lF l
I, =3 u -l
§ | -1 0 -1 0
§'U §'U 0 -5 | 8'U. &'U §6'U
= C m = C = m
- >0
| | |F | ¥ |
and finally,
=8'11=8" 2 =R )=k P |

u_(s-8'u)-s"ou ° u_ (s-6'v)-8"0U U -oy 0

- " -

3,10, 3,10, y 1

-1 0 8
G'Uc G'Um -y" 0
do*
{50) I IF I

-8 'U)=8" 2 R AP "

v (s-s'v)-s"vu = U (8-8'U)-8"0U U -oy

(-1) | =1 0 8

] ] ]

_ §'U, §'0 y

I |
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-l ) R P |
u_.(8 s‘u) §"UU_U_ oy

N Y "
¥ |
v  (6-6'U)-s"0u_ U (6-8"0)-6"0U U
§| &' §'U
C m

|F |

2
y'[v_ (8-8'0) -~ 8"0u U | - oy"s'U_+ 88'U _[U_ (§-8'U) - §"UU_]
IF ]

86'v_[u_ (6-8'U) - §"uv U ] >
[F 1 <

Therefore, a change in 6 is not neutral in the long-run. The long-
run values of consumption and the capital-labor ratio change in the same
divection as the change in 0.

Note that if § were constant, 6 would be neutral in the long-run.

3.4: Uzawa's Transformation and Comtrol Problems
Uzawa (1968) introduced the approach used above to endogenize the
rate of time preference, applying it to a life-cycle model of consumption
behavior. To simplify the problem to a one-state variable one, Uzawa
used a transformation of the time scale from t to A. In this sectiom, it
is shown that for the problem to be transformable it has to be
"autonomous" with respect to time. That is, it has to be such that time

does not appear explicitly except in the discount factor.
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Consider the following control problem (that is similar to ours);

(51)  Max [ e ""U(h) ac
h

Subject to:
(52) s =g(h, s, t)

and the initial conditions.

Where h is the vector of control variables, s is the state variable
and r is the constant rate of time preference.

To endogenize the rate of time preference, define A(t) as in (1) and

(2) above. Then the problem now becomes

(53)  Max [J e8(t) y(n) ar
h

subject to:
(52) s = g(h, s, t)
(54) A = 8(v)

and the initial conditions.
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The transformation would go like this;
from (54), dA = §(U)de

and thus,

(55)  dt = ??%T

Substituting (55) into (53) and (52), the problem now is a one-state

variable one;

-A Ulh
(56) Max f; e E%ﬁ} dA

h
sub ject to:

ds _ glh,s,t
(57) @ EL-(—j_lG ]

and the initial conditions.
Then the problem is solved, with A as the scale variable, as an

autonomous problem. The present value Hamiltonian of the problem is,

v
(58) Hv = Erﬁr

where V = U(h) + Ag(h,s,t)
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The first-order-conditions derived from (58), would look something

like this;

U -8\ 3g
(59) >h

3=5'V 3h

-8

(60) . ALS - 5
dA 6

in addition to the constraints, the initial conditions, and the trans-
versality conditions.
Then the transformation in (55), is used to transform the variables

back into t as the time scale. In particular, equation (60) becomes
(61) % =2a(s -35

However, solving the two-state-variable problem directly gives

different first-order-conditions. The Hamiltonian of the problem is
(62) H = e—A(t)U(h) + 2 g(h,s,t) + 2, 8(U)
The first-order-conditions derived from (62) are:

(63) =
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(65) ¢ =8p +U

in addition to the constraints, the initial conditions, and the trans-

versality conditions.

m
®
>

where o)

n
o
>

and ¢

For (59) and (63) to be equivalent, (8¢) must equal (=V) for all t.

Assume they are, and totally differentiate with respect to time:
(66) &b = - (U+rg(h,s,t))
implies that

.3U . o U o ] g o g o 9
W) + 65 = - L6+ delnioe) +AGER + 285 4 28)

substituting from (61), (65), and (66),
U » AU » '] g o
98'5e b + 8[-Ag(h,s,t)] = = [So b+ A(8 - 55) g(n,s,e) + 2GR R
+ A28 g(h,s,t) + A35]
3s Bl S at
Grouping terms,

s (13U 3 )
(67 b [5{o6" + 1) +2gE] = a2k
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and since it is assumed that §¢ = -V:

':;‘,§—'
46 3

Substituting in (67) gives,

68)  h{gg (1-5) + A gl =
But from (59), the term on the left-hand-side of (68) is zero.

Therefore, for (59) and (63) to be equivalent,

22 - .
That is, the problem has to be autonomous.

If the problem is not autonomous, then the transformation is
inapplicable. This is so because the function A(t) depends on the choice
variable (h), and thus the correspondence between A(t) and (t) in (1) is
not unique. Thus, if one of the exogenous variables is functionally
dependent on t, then applying the transformation would result in the
choices influencing the transformed value of that variable. Therefore,
in this case the correct transformation would transform the problem from
one with two-state-variables A and s into one with two-state-variables t
and s.

Uzawa (1968) and Nairy (1984) deal with autonomous models and thus

the transformation is applicable. However, Obstfeld (198la) and (1981b)
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dealt with models that are, like ours, not autonomous. Obstfeld's
constraints contain something similar to m(t) and v(t) in our model.
Thus,‘his use of the transformation is not valid. However, it should be
noted that the two sets of first-order conditions are equivalent at the
steady state. This is so because at the steady state (&) in equation

(65) is zero and thus
¢ = -U (at the steady state)

and from the definition of V, the steady state value.of V is equal to U,
and thus (66) holds at the steady state.

Therefore, steady-state analysis (like comparative statics) is not
affected by the transformation. However, any analysis concerning out-of
steady state behavior (like comparative dynamics and stability) is not

the same in the two problems.
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4: COMPARATIVE DYNAMICS ANALYSIS

An increase in 6 has two kinds of effects on the monetary and real
sectors of the economy. First, there is the effect on the steady state
values, which has been called the long-run effect, and was determined for
the models in Chapters 2 and 3. On the other hand, an increase in 0
disturbs the system (in both models), and moves it to a new optimal path.
Comparative dynamics analysis provides two kinds of comparisons between
the two paths. The "impact" effects compare the values of consumption
and real money balances along the two optimal paths for a given capital-
labor ratio. The second comparison provided by comparative dynamics
analysis is that between the variables along the two optimal paths at
each instant of time.

Comparative dynamics techniques for general functional forms are
available for two-differential-equations systems, where graphical
illustration is of great help. Nagatani's (1981) illustration of Oniki's
(1973) concept of comparative dynamics is an example of such techniques.
For the three-differential-equations system of Chapter 3, specific
functional forms are used when applying comparative dynamics analysis.
Fischer (1979) analyzes the impact effects of an increase in 6 using a
Cobb-Douglas utility function in the model of Chapter 2.

Due to the complexity of four-differential-equations systems, only a
discussion of how comparative dynamics analysis would be applied to the

model is feasible. This is done in Section 4.l. Section 4.2 summarizes
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Fischer's impact effects and completes his analysis by discussing the

comparisons at each instant of time.

4.1: Comparative Dynamics

The approach used by Fischer (1979) entails finding the effect of
the increase in 0 on the negative root of the linearized system around
the steady state; then by finding the local (around steady state) approx-
imation of the time path of the capital-labor ratio, the corresponding
approximate time paths of the rate of capital accumulation, consumption,
and real money balances are derived. Then the effect of an increase in 6
on these time paths is analyzed.

To find the effect of an increase in 8 on the negative root, the
characteristic equation of the linearized system has to be derived.
Recall that the linearized system of the model ofhghapter 3 is given by

(Chapter 3, equation 45)

. — E— — -
- S -
c z1 Z2 23 G c=c
mJ -mJ
. —2 1 " -
m 0 T my 0 m-m*
c c
(1) =
&k -1 0 § 0 k=k*
b a8 'U os'U -gy" 0 o~g¥
. L ¢ m — I
um
where Jl E Umm - ucm T
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)

m
2 Ucc Uc Ucm

1,5, 2
Z, = E{-ﬁ—— + UCC[S-G'U) - G"UUC} (Chapter 3; equation (39))
 Psnd
Z, = Eﬁ-ii:- + Ucm(s-G'U) - G"UUCU“J (Chapter 3; equation (40))
Zy = %ﬁxmw" - oy"} (Chapter 3; equation (41))
U, (o-0)
= 5t G"Uc (Chapter 3; equation (31))
c
and
ot (o-u )
x= -] T+ —5T— 8"V ] (Chapter 3;-equation (32))

The characteristic equation of the system is given by,

s
Zy =n Z, 2, G
mJ -mJ
u2 ] > - my " 0
c [
(2) -1 0 5-n 0 =0
[] ] - {]] -
b Uc od Um oy n

where (n) denotes the roots (eigen values) of the system, and all the

functions in (2) are evaluated at the steady state.



74

Expanding (2) gives a fourth degree polynominal relating (n) and 8;

(3) ¥(n, 8) = - n

mJ
+nlz) - -+ 8]
c
$a6'U mJ z,moJ, 2Z.mJ
2 c ™1 1™ 2™2,
g 2y v (- 2y =
[+ [+ [+
5 oG'mUsz
+ n[a'(oy" + T + o8'mJ, - 806 'UC) + Zymy"
. Z4md, ) 82 mJ, ) szszzl
U U T
[ Cc [
omJ . y" omd'U J
[\ 1 m 2
+ -6[ Uc - oG'mUmy" - 6(_—Uc + oS’mJl)] =0

Appendix B proves that (3) has a unique negative root. Note that,

5 chly" omﬁ'Usz
(4) ¥(0, 8) = &l T - 08'nl_y" - §(—

c

+06'ml) )} <0

since it is equal to the determinant of the system.
Since only the negative root is of interest, equations (3) and (4)

imply that

(5) %% < 0 (at the negative root).
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To find the effect of an increase in 6 on n, equation (3) is totally

differentiated, giving

dn _ -3y/38
® 3= ¢/

Therefore, equation (5) implies that the sign of (ggﬁ is that of
(%g . Finding (%%) requires, among other things, knowing third deriva-
tives of the utility function, the rate of time preference function, and
the production function. That is why specific functional forms are used
in the literature.

The local approximation of the time path of the capital-labor ratio

is given by, (where * denotes steady state values)
nt
(¢)) k, = k¥ = (k¥ - k) e
where n < 0.

From equation (2) (third row), the corresponding approximate path of

consumption is given by,
(8) c, = c* + (& = n)(k, - k¥

and that of real money balances is (from equation (2); second row; and

using (8)),
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and differentiating (7) with respect to time, gives the path for the rate

of capital accumulation,

(10) k= -n (ke-k )
* * *
Then given %g—, '::_’ %:1—, and %—, equations (8)-(10) are differen-

tiated with respect to 6 holding kt constant to come up with the impact

dk
effects. For the comparisons at each instant of time, 335 is first found

from equation (7) and then equations (8)-(10) are differentiated with

respect to 0.

4.2: Fischer's Results for the
Model of Chapter 2

The specific utility function used by Fischer is a Cobb-Douglas of

the form,

’ = [camB]l-R
1-R
where a, 8, R > 0, a + 8 < 1 and R #1.
Fischer shows that the negative root of the system (n) decreases

(becomes larger in absolute value) as 0 is increased. That is,
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dn
(11) 30 <0

The approximate time paths for Fischer's example of the constant
rate of time preference model that correspond to (7)-(10) are (Fischer,

1979, p. 1438) given by (7), (8), (10) and

g8 -0 -5
(12)  m, =+ &= (k, - k¥)

* *
Recalling that %%—-= %%— 0, and Q__,< 0, equation (9), (10), and

(12) are differentiated for a given kt < k¥ to come up with the impact

effects of an increase in 6 on it’ ¢ , and m, 3 from equation (10),

t

d& dn
——=- *- —
a3 3 (k¥ - % ) g5 >0

Therefore, for a given kt < k*, the rate of capital accumulation
increases with the increase in 6.

From equation (8),

dc
(14) F‘ = - [k k*) < 0

Therefore, for a given kt < k¥, consumption is smaller with the

larger 6.
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Finally, from equation (12),

- - "c* d,n
(15) f&:ﬂ;, E.(k -k*) { de L6+6)2 - (6 R ) )(1 = 49)1
- P
do do a t § + 6 n (6 +0 - n)z

Thus, the impact effect on real money balances is ambiguous, which,
as noted by Fischer (1979, p. 1438), is contrary to what one would
expect. In the model at hand, one would guess that, for a given kt < k#*,
real money balances will be smaller along the new optimal path.

To complete Fischer's analysis, we compare the values of kt’ it’ Cps
and m, along the new optimal path (after the increase in 6) with those
along the old optimal path (before the increase in 0) at each point in
time. Given the local approximations of the time path of the variables
in (7)-(10), and (12), the comparison at each point in time is achieved
by differentiating the equations with respect to 6, assuming ko S.kt.i
k¥,

From equation (7),

dk

t d t
(16) p==-tqh(kr -k )" >0 ¥e (=0 ar t=0)

Thus, except for the initial capital-labor ratio, the increase in 0
results in a larger capital~labor ratio along the new optimal path at all
instants of time.

From equation (10)

dk dk
(17) o (k- k) +ngg30

de
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Thus, in geaeral it is not clear how the rate of capital
accumulation along the new optimal path compares with that along the old
path. However, since ko is unchanged, then from the impact effects, the
rate of capital accumulation is larger initially. Equation (17) suggests
that after some point in time the rate of capital accumulation becomes
smaller along the new path, which actually must be the case for kt to
converge to k¥,

Differentiating (8) with respect to 6,

de dk de dk
—t =N - 9.'.1 - le - t = t - t 2
(18) 5 B ")+ (- F=dzm -7 20

However, since ko is constant, the impact effects imply that
consumption along the new path is smaller initially. Equation (18) shows
that when the rate of capital accumulation becomes smaller, consumption
becomes larger along the new path.

Finally, differentiating (12) with respect to 0,

- o ek dn
dmt dm* 8 deo (5"'9)2 (6 -n - L—G'Fe )(1 -~ 35 .
(19 F-=g * gk ~ ) (—555-7—- 3
(6 + 6 =n)

Therefore, in general it is not clear how real money balances along

the new path compare with those along the old one,



80

5: SUMMARY OF RESULTS AND CONCLUSIONS

Section 5.1 summarizes the results of the analysis, presenting a
comparison between the models of Chapters 2 and 3. It also provides some
intuition for the various results. In section 5.2, some suggestions for

further research are offered.

5.1: Summary and Intuition

In Chapter 2, we derived Sidrauski's (1967b) equations and proved
his results. We also derived Fischer's (1979) system in ¢, m, and k, and
formally analyzed thg stability of the model and proved the long-run
neutrality of money.

We have found that in the monetary growth model of Sidrauski (1967b)
or that of Fischer (1979), the assumption of a constant rate of time
preference generates the characteristic of long~run money neutrality. In
such models, the steady state (long-run) capital-labor ratio is such that
its marginal product is the sum of the rate of time preference (§), the
growth rate of the population (n), and the rate of capital depreciation
(u). An increase in the growth rate of nominal money balances (8) has no
effect on §, n, or u, leaving the steady state capital-labor ratio
unchanged. Therefore, changes in the growth rate of money have no effect
on the real sector of the economy. The only long=-run effect of an
increase in 0 is to reduce the steady state value of real money balances.
The increase in 0 increases the steady state value of the expected infla-

tion rate by the same amount, reducing the real return on holding money.
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This reduction in the real rate of return, induces the agents in the
economy to hold less of the asset, money. Since the steady state values
of the c#pital-labor ratio and consumption stay the same, the represeata-
tive individual, and thus the economy as a whole, is worse off due to the
increase in the growth rate of nominal money balances. They achieve a
lower level of utility at the new steady state.

An increase in 6 moves the economy to a new steady state. During
the transition period, the economy is operating along a new optimal
saddle path. The impact effects derived by Fischer (1979) for a specific
utility function show that for a given capital stock, the rate of capital
accumulation is larger and consumption is smaller after the increase in
0. The effect on real money balaances is not clear; they might be larger
or smaller. However, due to the increase in the inflation rate one would
expect real money balances to be smaller after the increase in 0.

Comparative dynamic analysis, which compares the values of the
variables along the new optimal path with those along the old optimal
path, show; that for Fischer's example, the capital stock is larger along
the new optimal path at all points in time (except for the initial value
of the capital stock, which is the same for both paths). In general, the
behaviors of the rate of capital accumulation and consumption are
ambiguous. However, a likely behavior is that the rate of capital
accumulation rises and consumption falls during the early part of the
transition period; and as the new path approaches the new steady state,
the rate of capital accumulation becomes smaller and consumption becomes

larger than their values along the old optimal path for the same points
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in time. This seems to make sense; the increase in 0 causes the
inflation rate to increase lowering the real rate of return on money,
inducing a shift to holding more capital (in the short run) but reducing
consumption. However, the added capital increases disposable income and
given enough time (the new steady state is approached) the income effect
increases consumption.

The analysis does not give definite conclusions on how real money
balances along the new optimal path compare with those along the old
one.

With relation to stability, the model of Chapter 2 was found to have
the saddle-point stability property, which implies that among the
infinitely many paths, for each initial capital-labor ratio there is only
one stable path leading to the steady state. This path is usually termed
the stable "arm” or "manifold" of the saddle point (Burmeister 1980).
Therefore, the economy can reach the saddle point only if it starts on
the stable arm. Thus, for any initial capital-labor ratio, there has to
exist a mechanism to ensure the "right" choice of the initial values of
the other variables so that the system starts at a point on the stable
path. In infinite horizon optimal control problems, the transversality
condition assures the choice of the "right" initial values. The traans-
versality condition is essentially equivalent to assuming that markets
always clear at finite positive prices. Starting at any point off the
stable path leads to markets not clearing, and thus prices are driven to

either zero or infinity at some finite future instance of time.
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In Chapter 3, the rate of time preferences was endogenized using
Uzawa's (1968) approach. The approach was chosen over others for its
relative simplicity and because it maintains the basic structure of the
Sidrauski model as explained in Chapter 1. The endogenization of the
rate of time preference altered the long-run effects of an increase in 0,
while the short-run effects are similar to those of the constant rate of
time preference model.

In the long-run, an increase in 6 increases the capital~labor ratio
and consumption while reducing real money balances. The capital=-labor
ratio is still such that its marginal product is the sum of the rate of
time preference (6), the growth rate of the population (n), and the rate
of capital depreciation (u). However, § in this case is a function of
utility and thus of consumption and real money balances. In this model,
§ provides a link between the monetary sector and the real sector. At
the new steady statge, the smaller real money balances reduce utility and
thus the rate of time preference. For the steady state relation between
§ and the capital-labor ratio to hold at the new steady state, the
marginal product of capital has to fall. Therefore, the new steady state
capital~labor ratio is larger and thus so is consumption.

The increase in 6 increases the steady state value of the expected
rate of inflation, reducing the real return of holding money. This
induces individuals to reduce their holdings of real money balances.
However, instead of real money balances accounting for the full adjust-
ment, as in the constant rate of time preference model, the portfolio

adjustment also involves the long-run capital-~labor ratio. As real money



84

balances fall the rate of time preference becomes smaller than the real
interest rate, providing an incentive for agents to hold more capital and
thus allowing for higher consumption at the new steady state.

In comparison with the steady state before the increase in 0, the
new steady state corresponds to a lower level of utility. This can be
seen by comparing the rates of time preference. The new steady state
corresponds to a lower rate of time preference; from the assumptions on
§, it must correspond to a smaller utility level. Therefore, an increase
in 6 makes the economy worse-off, as it did in the model with a constant
rate of time preference. However, the fall in steady state utility is
smaller for the case where the rate of time preference is variablg. To
show that, consider the steady state utility (where * denotes steady

state);

(1) U* = U(c¥*, m¥)

which by differentiation with respect to 0 gives,

%* %* v
(2) du de dm

a0 - Vcae *Unde
%
For the constant rate of time preference model of Chapter 2, %%— =
0, and
dm* Uc .
(3) w -7 (Chapter 2, equation (95))
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And thus for the model of Chapter 2,

@ W lae
de Jl

On the other hand, for the variable rate of time preference model of

Chapter 3,

2.,
de* §°6 Um .
(5) T FT (Chapter 3, equation (47))

and

ame S(y"-88'U )

T 7] (Chapter 3, equation (48))

(6)

Therefore, for the model of Chapter 3,

2 "y 1] ] 2 ] "
Uk §°6'U_ U sy" &§%'VU. U Sy

M GV F T T TR
le" 6'JZUm
= - ] " [}
where |F | = &{ v §'U y §( 7. +§ Jl)}
6'J2Um
= wl? " [}
Le'l:s- §'0 y" = §( 7. +8'7,)>0
Therefore,
Jy"
1
(8) |F| = 8[—5—+ s]

c
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Using (8), equation (7) becomes,

(1]
(9) du® = umy
do le"r
7 * )
(M

To compare (4) and (9), vewrite equation (4) as

du* Umy"
(10) r Ty (for the model of Chapter 2)
1
)
c
le"
Since y" < 0, and T and S > 0, then

c

%;E (in (10)) < %’1 (in (9))

Therefore, the fall in steady state utility is smaller in the model of
Chapter 3. However, the economy with the variable rate of time prefer-
ence will have a.loyer rate of time preference and thus a lower real
interest rate.

Therefore, endogenizing the rate of time preference using Uzawa's
approach gives the expected results for the steady state portfolio

adjustment when the growth rate of money is increased. The change in the
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relative real rates of return that results from the increase in 6 induces
the shift to the asset with the relatively higher real return. Thus, the
structure here implies that long-run asset demands are functions of
relative rates of return as well as own rates, an implication that might
be more acceptable than that of the model with the constant rate of time
'preference. The long=-run neutrality of money in that model essentially
implies that long-run asset demands are a function only of own rates of
return,

However, given the structure of the model at hand, endogenizing the
rate of time preference the way we did implies that the economy with the
high capital stock will have a lower real interest rate and a lower rate
of time preference.

As far as stability is concerned, the steady state of the model with

the variable rate of time preference has the saddle point property.

5.2: Suggestions for Further Research

The way the rate of time preference was endogenized needs further
exploration. A study of the axiomatic basis for the Uzawa (196%)
approach is needed. Uzawa (1968) states some axioms which he claims,
imply the existence of the function G(U). However, they seem to be too
restrictive; they assume "too much" about the utility function. A study
of the conditions under which preferences will display variable rates of
time preference would be along the lines of the Koopmans, Diamond, and

Williamson (1964) paper.
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Another obvious extension is to models which are both explicitly
stochastic and incorporate heterogeneity in either households or capital
goods; say along the lines of Epstein (1983) and Becker (1980).

Finally, the short-run effects need more exploration. The effects
we found in this study are comparisons between values along optimal
paths. However, a study of the behavior of the system when it is off the
optimal path is needed, particularly since the model displays the saddle-
point property. As explained above, a mechanism is needed to assure that
when the system is disturbed it moves to a new optimal path. This is
usually achieved by assuming the problem away through assuming market
clearing at all times, transversality conditions (boundedness),
convergence of expectations or allowing for discontinuous jumps in the
price {gvel, etc, See for example Burmeister (1980) and Sargent and
Wallace (1973). What is needed is a technique that explains the behavior

of the system when a disturbance causes a movement off the optimal path.
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7: APPENDIX A

In this Appendix, a different approach (than that used in the text;
Chapter 2) is used to derive the stability condition for the iandividual
optimization pfoblem in Sidrauski (1967b).

This approach eliminates k from the first-order-condtions ((13) and
(14)), using the stock constraint and condition (16). Then comparative
statics is applied to the resulting system to derive the partials of ¢
and m with respect to A, 7, and a in demand functions (18) and (19).
Then the stability of the system is analyzed.

Therefore, the system to which comparative statics is to be applied
is;

(Al) Uc(c, m) =2

(a2) U (c, m) = Aln + y'(a = m) -

Totally differentiating (Al) and (A2) gives;

(A3) Uccdc + Ucmgm = dA

(A4) U de + U dm=d\[n +y' - u] +2dn = Ay"dm + Ay"da
Rewriting (A4);

(a5) U dc + (U +Ay")dm = dA[w + y' - u] + Adn + Ay"da
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To find the partials of ¢ and m with respect to A, set dr=da=0 in

(A5) and solve the resulting system for dc/dA and dm/dA.

In matrix form, the solution is

de/dA U

-1
cC Ucm
) gl = |u U +Ay"

mc mm

"
. Umm+ky

U U+ y"-u? -U
cC mm cC cm

cm

11 -]
Umm+ky U

1 cm
e
J+AUccy -u U
cm ce
Therefore,
"o LI
A
[1}
ax IN0_y
But from the first order conditious
um
(A7) n+y'—y = T
c
Thus,
"
(a8) e . _{.122_
dax _ JU_y"
ce
Similarly,
-y | '-
A JeAU__y" Jnu_y"
cc cc

1
. Tty '_u
-u 1
cm

Ty '-p
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To find the partials of ¢ and m with respect'to T, set dA=da=0 in

(A3) and (A5) and solve the resulting system for dc/dw and dm/dm:

" -
dc/dw , Uy U 0
(A10) B m—— -
dm/dn Jﬂ“ccy Ucm ucc A

Therefore,

de -Ucmx
(All) e TV
cc
and
U A
(a12) dm <

ovee & ee———
[1)
dn ~ JRU__y

Finally, the partials of ¢ and m with respect to a are found the

same way. Setting dA=dm=0 in (A3) and (AS) and solving the resulting

system:
" -
o dc/da . U oty Uin 0
A13 —————F - "
dm/da J+XUccy Ucm ucc Ay
Therefore,
-U_Ay"
(al4) & cm

—— T3 -——"—
da = IAU_y

and
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(a15)

The system for the individual's optimization problem is described by

the two differential equations:

(a16) X =x ¢ (6§ -y'(a=m) + u + n)
and

(A17) a = y(a-m) * v ~ (7+n)m - (y+n) (a-m) - ¢

where ¢ and m are functions of A, 7, and a.
To analyze the stability of the system, linearize (Al6) and (Al7)
around the steady state values of A and a.

Linearizing (Al16) gives: (* denotes steady state values)

(a18) & = axy" 3B (-x#) - an(y-y" 3B) (a-a¥)

Similarly (Al7) gives:

o om om om _ 3
&= [-y.ﬁ' = (wta) LN (u+a) n a_;J (A-x%)
am om dm 3
+ [y'-y'sz = (n+n) 3a " (utn) + (u+n) 3a 3%] (a=a¥)

= [(-y'= 7 +u) 5 - 551 (aa%)

+ (s = wra)) * (=" =7 +u) 33 - 53] (ama¥)
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and using (A7),

-U U
o mam mom 9¢C
(a19) a-=[ 3 T 3] (a=2#) + [(v* = (w+n)) - 7_5a 3] (a-a%)
Putting (A18) and (A19) in matrix form;
e | . ., 9m = ..
om V(] - -
A S Ay"(1 aa) A=A%
(A20) s
-U
. mom _ ac ' mom d¢
2| |RE-E (- e -2 BE] |
U 3 A U 2a da
L——r —-c c -—J b emmand
The determinant of the matrix in (A20) is;
n 5m m 3m 3m dc
" - w ol ol . 1 e
(A21) Ay (y (utn)) = Ay 3 U_ 2a A" X 38
"a 3m 3c 3m 3m ; 3m 3
- w _mom _ " n omom w n 9m JC
SAR Wit MW e AY" 3a o

U
= gy OB (o0 - g dm 3¢ _ , o W 3m _ 3¢ dm 3¢
Al i CARE UL IR AR v Rl T_ o AW YA e

From equations (A8), (A9), (Al4), and (Al5),

- " -
(A22) a_t_t_l_a_c_ J2 ( U Ay i} JZUc Ay"
9A da J+AU y" Jﬂ

[J+Auccy"]

and
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2
U“Ay"(Jlﬂy") _ U Ay, i Ucc(ky")

2 2 2
[J+Auccy"] [J+wccy"] [J+).Uccy"]

am oc _
(A23) 3a " %

and from the definition Jl;

m
uc:c: Jl = u<:<:[Umm Ucm Uc

(adding and subtracting Uzm on the right-hand side)

U
(A24) U J, =U U =-U_U mop? sy =5y
ce 1 cc mm cm  ¢c Uc cm cm cm

Substituting (A24) into (A23) and rearranging;

2
1] ”
am . 3¢ _ Ay"J - Ay J2u¢:m + Ucc:(’w )
da 9

2 2 2
[.muccy"] [.muccy"] [J+wccy"]

and taking (A22) into account;

"
(25) amdc . Ay"J Uee(25") + om 3¢
a 9A 2 A da

From (A7),

U
(A26) y' - (u+n) = u_m__ (n+n)
c
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Substituting (A25) and (A26) into (A21), the determinant becomes;

am l"m dm d¢ Um om
W e | e - - W e e = 1 e . =
(a27)  my" 5% 7_ (m+a)} - 2y" 53 22~ M T_a
2
[]]
+ Ay" { Ay"J Ucc()‘y ) 8_m_§_c_}
y ”" 2 ” 2 aA 38
[0 y"] [aav_ y"]
S - w 3m - n 9C " Ay"J
Ay" g% (7)) = ay" o5+ ay" { w2

= - Xy" {(17-!-“) %;E +

. . am ac
Substituting for EYN and T

The determinant becomes

J
(a28) 2

3¢

9A

2
ucc(xy") .

2
3c Ay"J + Ucc(ky") .

)

2
[gav, y"]

in (A27);

_ Jl*xy"
v

2J
[3av_ y"]

AY“J*UCC(AY") 2

= ay"{(v+n) 357

cc

"A "
JAU__y

" {('ﬂ'"‘n] Jz + Jl + Ay" -

W+ "
y J+AUccy

[J..,Auccy"l 27

"
Ayu(_nuccxy ) .

"
J+AUccy

J
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Since A and J are positive and Ucc and y" are negative, the sign of
the determinant (A28) is that of {(w+n) J, + J;}. Since in a two
differential equation system, a sufficient and necessary condition for
saddle point stability is that the determinant be negative, the stability

condition for the individual's optimization problem of Sidrauski is

(A29) (m4n) J, +J <O

Condition (A29) is the same condition derived in Chapter 2;

condition (38).
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8: APPENDIX B:
A PROOF OF THE UNIQUENESS OF THE NEGATIVE ROOT OF

THE LINEARIZED SYSTEM OF CHAPTER 3

In this appendix, we prove that the linearized system of Chapter 3
(equation (45)) has only one negative root. To do that the
characteristic equation (Chapter 4, equation (3)) is used.

Rewriting the characteristic equation gives,

(B1) Gn4

n3[2cs + m(xJ, - 6J,)]

+

nz[Gs2 + 2m6(xJ2-GJ1) + 068’V - y"(o=xm)]

+

n[- 0626'Uc - msz(xJz-GJl) + 8y"(o=xm)

+ 088'm(U_J, + U J,) - woy"]

(mSo)[65'0_J, + 83,8'0_ + §'U y" - J;y"] = 0

where n denotes the roots of the system.

ucm (o-Uc
= - "
x= - v +—r— 8 vl
Gz ==+ (q-Uc) §"U

- U, §' c
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and
u

m
J2 = Ucc Uc Ucm <o

Equation (Bl) can be rewritten as;

(82) (n-8) ten> + nz[-GG-m(xJz-GJl)] + n[m8(xJ,-6J,) + 066'Uc-y"(o-xm]]

+ (o&&'m)(Uch + Usz) - WUIOY"} - mﬁoG'Umy" =0

Let
(B3) F(n)=Gn3+bn2+bn+b
= 1 2 3
where by = - 6§ - m(xJ, - 6J,)
b, = m§(xJ, - GJ,) + 088"V - y"(o-xm)
and .
by = (088'm) (U_J, + U J,) - wljoy"

Since Jl, JZ' and y" < 0, then b3 < 0.

At the end of this appendix, it is shown that at steady state
xJ, = GJ, <0

Therefore, b, is positive and b, is ambiguous in sign. But no matter

1 2

what the sign of b2 is, there are two sign changes in the coefficients of
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F(n), implying that F(n)=0 has one negative root (n) and two positive (or
complex with positive real parts) roots.

Since b3 is negative, then, for n < 0, we have

VIA
32

(84)  F(n) % 0 as n

Equation (B4) also implies that -3-“}: <0 (for n 571)

Now, rewriting (B2), using B3, the characteristic equation becomes
(85)  (n-8) (P(n)) +b, =0

where b, = - m606'Umy" >0

-

Since b, is positive, then for (B5) to hold,

S\

(86) (n=-8)F(n) <O

Let n, be a negative root of (BS).
When n = " <0, [nl - 6) is negative, and thus equation (B6)

implies
(87) F(nl) >0
and hence, from (B4), n, <M.

Thus, the root of (B5), n is less than n. Differentiating (B5)

with respect to n (and evaluating at n = nl) gives,
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®8) G (n-8)r(n) + vy] | = F(n;) + (=) ;) > 0
n=n1

Since b4 > 0, equation (B8) implies that the negative root of the

characteristic equation ("1) is unique.

The sign of (xJz-GJl):

Using the definitions of x and G we have;

v (o-u) U o oU
" - "
§ Um]JZ [ v, + ( §' ) 8 UcJJl

= - cm
2 ~ &, 0_ =

(B9) xJ

Rewriting (B9)

o-U
(810) =xJ, - 63, = (—=)8"[-u 3, -~ v 3] - gHU I, + U 3]
. c

2 1
Since (o-Uc] is negative at steady state, the first term on the

right hand side of (B10) is negative. Using the definitions of J1 and

Jz, rewrite the second term on the right hand side of (Bl10) as,

0] U
g = -0[ _mo_ - .
(811) - ﬁ:‘(uchz + Uchl) U, UemtVee U, Uew! * Ucc(umm Uem Uc)]
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But since the utility function is strictly concave in ¢ and m,

and thus the term in (Bll) is negative, and therefore,

xJ2 - GJ1 < 0.



	1986
	Endogenous rates of time preference in monetary growth models: stability and comparative dynamics
	Omar M. Abdel-Razeq
	Recommended Citation


	tmp.1415649244.pdf.84Ir6

